Radius of Curve from Chord and Mid-Ordinate

In this tutorial we look at the common calculation to calculate the radius of a curve from a chord and
min-ordinate. We discuss a range of options to determine how much confidence we can expect
from the result. The equation used is chosen because it only requires two parameters and the
spread of results generated obviously do not lie in a normal distribution.

The radii of curves can be calculated from the equation,
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Where,
r = radius of curve
C = Chord length
m = mid-ordinate

If the input data is subject to uncertainty (as is always the case), a Monte Carlo simulation can be
used to determine the spread of results. Monte Carlo (MC) simulations randomly sample from the
uncertain data to obtain a range of results which can then be analysed to determine the uncertainty
in the result. This can be compared with the uncertainty derived from other methods such as the
analytical method.

For the purposes of this tutorial we have chosen data which generates a nominal result very close to
an integer value, i.e. 92 m. We have assumed that the chord and mid-ordinate measurements are
known to a confidence level of 95% to be within 10 cm (i.e. 0.1 m) of the measured value.

We have also chosen to display all the data from most ActiveEquation objects. This is so when
viewed as a PDF or printed document, the ActiveEquation used can be seen. In a real-life
document, you may decide only to show the results of each calculation.

To generate a normal distribution of random numbers, a mean value is required along with the
standard deviation describing the uncertainty. If the uncertainty is known to a 95% probability, in
order to derive the standard deviation, the uncertainty must be divided by the appropriate Student T
table value, which for 95% probabilities is 1.96. In a real-world situation, the value and any
uncertainty may be derived directly from multiple measurements, so the standard deviation may be
known already.

Data: Uncertainty:

C=15m Cerr=0.1 oC =Cerr/1.96 =0.05102

m = 0.3062 m merr = 0.1 om =merr/1.96 = 0.05102
The mean values produce the following nominal result

r=(C"2/(8"m)) + (m/ 2) = 92 metres
For the MC simulation we need to define vectors for the two parameters to the equation, i.e. the
chord and mid-ordinate measurements. For consistency we also define a value n for the number of
items in each of the vectors. This makes it easy to change the number of items used if we should
decide to change the resolution of any graphs. Using a large number means that the calculation

process is relatively slow. While building a SolvePro document it is usually quicker to use a relatively
small number for n and increase it to the required value at a later stage.

n=1e+05

C1 =rnorm(n, C, ocC) = {100000}
m1 = rnorm(n, m, om) = {100000}



The spread of data generated by the rnorm function can be checked using the mean and stdev
functions to see whether thy match the mean and standard deviation supplied

mean(C1) = 15 stdev(C1) = 0.051
mean(m1) = 0.3061 stdev(m1) = 0.05094

Each time the document is recalculated these values will fluctuate a little around the mean and
standard deviation used. This is because the random vectors generated will be slightly different
each time.

Now we have the vectors in place, we can build the ActiveEquation object needed for this
calculation. Note that it is very similar to the ActiveEquation object already created to build the
nominal result, but using the vector variables C1 and m1 and ensuring the 'Use vectors' option is
checked.

Active Equation

Calculation:
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The MC simulation results are returned as the new vector r1
r1 = (C122/(8*m1)) + (m1/2) = {100000}
Since this is a vector of numbers we can determine the mean and standard deviation of the results.

mean1 = mean(r1) = 94.83
sd1 = stdev(r1) = 17.45

What is useful at this point it to determine the 95% probability interval. This is equivalent to finding
95% of the results. Using the z-statistic, we find that the multiplier required is 1.96.

prob951=1.96*sd1 = 34.19
Summarising this information we can express the result obtained from the MC simulation as

94.83 + 34.19 metres
We notice that the mean is higher than the nominal result and also that the standard deviation and
therefore the 95% probability range are quite large. This stems from the fact that the equation to

calculate the radius from a chord and mid-ordinate is particularly sensitive to any variation in the
mid-ordinate. However we will continue with these values as they demonstrate other features.



Maximum and minimum
With a possible range in the mid-ordinate from 0.2062 to 0.4062 the range of results assuming a
chord length of exactly 15 metres is 69.44 to 136.5 m. or 103 + 33.53 m.

If the comparatively small uncertainty in the chord length is included too, the result could be
anywhere in the range 68.52 to 138.3 m or 103.4 + 34.9 metres.

Note that in this discussion we have taken the mid point of the total range of results. This is
consistently higher than the nominal result of 92 m and also higher than the mean obtained from the
MC simulation.

In the next section we will consider the results obtained by using an analytical method.

Analytic method

An alternative method to determine the uncertainty in the result is to use an analytic method. This
method is explained in some detail in The Guide to the expression of uncertainty in measurement. In
summary, this method uses the partial derivative of each variable multiplied by the uncertainty
associated with that variable and combines the results to determine the spread of results. In more
technical terms, if x is a function, f of at least two other variables, i.e.

x=f(uv,...)

then the variance of x, can be approximated using partial derivatives as
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There are a few caveats to using this analytical method. These are that is no correlation (or at least
negligible) correlation between the uncertainty in the variables and that the uncertainty for each
variable can be assumed to follow a normal distribution. In addition, it presupposes that the function
under investigation can be differentiated.

Using this method the analytical data for scenario are:

0C =12.25 0C2 = 0.3904
om =-299.4 om2 = 233.4

From this data the deviation in the result can be calculated
or = sqrt( 6C2 + dm2) = 15.29
The 95% probability interval can be calculated as
prob95r = 29.97
So the analytical range at 95% probability assuming a normal distribution of results is
92+29.97m
Again the uncertainty is large due to the sensitivity of the equation to the value of m.
SolvePro has a facility to enter the data and calculate the mean and uncertainty value directly

without separately calculating the analytical partial derivatives. Launch the uncertainty engine and
enter the necessary expression and define the two variables in the dialog



Uncertainty et

Expression: (C*2 7 (8"m))+ (m/2)
Variables
[~ m Mormal (Gaussian) (Mean, 50) w
[~] C: 15.00, 0.05 Name: m
Mean: 03062
StdDev: 005102
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Clicking the Calculate button produces the display:

Linear approximation: C*2 / (8*m) + m/2
mean2 = 92
sd2 =15.29

This can be edited in much the same way as any ActiveEqn object.

Analysis

To understand what is happening it is helpful to consider graphing the results. It is impractical to try
and display all the results from an MC simulation on a single graph. To make that data more
amenable, the results are collected together into a smaller number of ranges of values found by
dividing the total range equally into the required number of ranges. These ranges are known as
'bins' or 'buckets'. This process generates a histogram summarising the results. In SolvePro the
function histogram can be used.

hist1 = Histogram(r1, 100) = {2, 100}

A normal distribution curve derived directly from the mean and standard deviation of the MC results
is also shown. In SolvePro the function dNorm generates the normal distribution curve.

normDist1 = dnorm(hist1[0], mean1, sd1, vmax(hist1[1])) = {1, 100}
Using the vtable function, hist1 and normDist1 can be combined into a single table
table1 = vtable(hist1, normDist1) = {3, 100}

We can also use dnorm to generate a normal distribution curve based on the nominal result and the
uncertainty derived using the analytical method

normDistAnalytical = dnorm(hist1[0], r, &r, vmax(hist1[1])) = {1, 100}
This too can be appended to table1

table1 = vtable(table1, normDistAnalytical) = {4, 100}



Finally we are able to display the results. The graph below shows a comparison between the results
from the MC simulation, the curve derived from the MC mean & SD and the analytical results.
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The curves do not correspond very well with each other let alone the histogram. The histogram
obtained from the MC simulation is also skewed significantly. The amount of skew (and kurtosis)
can be calculated using the functions skew and kurtosis

skew1 = 1.381 kurt1 = 5.2643

Skew is a measure of how lopsided the distribution is, whereas kurtosis is a measure of how much
tail there is in a distribution. Note that there are a number of different methods available to calculate
skew and kurtosis and they can produce differing results. The methods adopted in SolvePro match
those available in Excel, as well as the statistical packages Minitab and SAS. In this case the skew
is greater than 1.0 so can be said to be significantly skewed. The kurtosis is greater than 3 so it has
a large tail. It is obvious in any event that the results do not follow a normal distribution. The shape
of the results indicates that this result may be a log-normal distribution.

Such a distribution is to be expected A log normal distribution results if the variable is the product of
a large number of independent, identically-distributed variables in the same way that a normal
distribution results if the variable is the sum of a large number of independent, identically-distributed
variables. (See https://mathworld.wolfram.com/LogNormalDistribution.htm)

To determine whether this is a log-normal distribution, two approaches are possible. The first is to

create a log-normal curve using the SolvePro function dlognorm and compare this with the

histogram of results. The second approach is to take the logarithms of all the MC result data and plot

that along with a dnorm curve generated from the mean and SD of the logarithmic data.

Adopting the first approach, a log-normal curve can be generated using the function dlognorm.
logDist = dlognorm(hist1[0], mean1, sd1, vmax(hist1[1])) = {1, 100}

A suitable table can be built containing the original histogram (hist1) and the new logDist vector.
table2 = {3, 100}

We could have reused the earlier table1 and added another vector to that, but for clarity we only

require the histogram and the new logDist vector to be displayed. Plotting the histogram and logDist
curve we obtain
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This is a closer match than we were able to demonstrate earlier. However note that the log-normal
distribution still does not follow the histogram MC data perfectly. This has occurred because the
standard log-normal probability distribution function (and dlognorm) assume that the curve starts at 0
on the x-axis. This is not the case with these results.

What is required is a way of offsetting the start of the log-normal curve so that it is closer to the
beginning of the histogram data. To do this we can use a three-parameter log-normal distribution
function which takes an additional value (gamma) indicating where the curve should begin. The
SolvePro function dlognorm3 is used to generate a three-parameter log-normal distribution.

Significant research effort has been devoted to estimate suitable values for gamma which is not
explored here. In this instance a simple measure is used to estimate gamma. The beginning of the
curve appears to be located approximately midway between zero and the median value. Thus the
value of gamma used for this tutorial is half the median value. This can be generated as follows

median1 = median(r1) = 92.04
gammal = median1 /2 = 46.02

As an aside, note that the median value generated is very close to the nominal value calculated
earlier. This suggests that perhaps the median value is a better measure of central tendency in this
instance rather than the mean. We could also the function percentile to determine the 95%
confidence limits of the MC data as follows

percentLower = percentile(r1, 2.5) = 69.54
percentUpper = percentile(r1, 97.5) = 136.5

The percentile data (including the median which is the 50th percentile) can be used to generate a
confidence interval as

[92.04 -22.5,92.04+44.51 ] or simply [ 69.54, 136.5 | metres
(Incidentally, quoting a mean value together with the confidence limits is the method recommended
in Supplement 1 to the Guide to the Expression of Uncertainty in Measurement - Propagation of
distributions using a Monte Carlo method.)

Resuming our earlier discussion, now that we have a value for gamma we can utilise this to
generate a fresh distribution

logDistGamma= dlognorm3(hist1[0], mean1, sd1, gamma1, vmax(hist1[1])) = {1, 100}

We can now generate a new table and plot a graph of the results



table3 = {3, 100}
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Visually this appears now to be a very close match and we can be very confident that the MC results
are log-normally distributed.

The second approach outlined above can be used to confirm this result and allows the MC data be
tested directly by taking the logarithm of the all the items in the result vector r1 and plotting those
values. However simply calculating the logarithm of the items does not work exactly since as
discussed above the start of the log-normal curve is not at zero. We need therefore to subtract the
value gamma to offset the resultant normal curve.

Another MC vector containing the logarithms of the results (less the offset, gamma) can now be
derived from r1

rlog = In(r1-gamma1) = {100000}
As before the mean and standard deviation can be found for the new vector

meanLog = 3.8292
sdLog = 0.34198

We can now build a histogram of the results
histLog = {2, 100}

and also generate the ideal normal distribution curve from the mean and standard deviation
logDistNorm = {1, 100}

From these vectors we can build a table containing the results
tableLog = {3, 100}

and finally create a new graph to compare the ideal distribution with the histogram we have

obtained. As found earlier we have a very close match confirming that we do indeed have a log-
normal distribution.
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As a further stage, we could use the mean and standard deviation from logarithms of the distribution
(rLog) to calculate various parameters of the source distribution (r1). We have already calculated
the mean, median and standard deviation of the source data directly so the newly calculated values
should of course match. Some parameters that can be calculated are found as follows

mean = 7+e“./2)

variance = €* w(w—1)

std dev =4/variance = €' (w(®w— 1))1/2

median =y + €

mode =y + e(" -]

Where
w = exp(c’)

To match the symbols used above, we assign the appropriate Greek symbols to values we have
already determined and also calculate w,

w=1.124
y = 46.02
b =3.829
o = 0.342

Performing the calculations we obtain,
mean = 94.82
variance = 295.4

sd =17.19



median = 92.05
mode = 86.96

The results obtained are quite similar to those found earlier directly from the original r1 vector.
Some small discrepancies between the original results and those calculated here are to be expected
due to cumulative errors transforming data to and from logarithms and also because the value for
gamma is an approximation.

Central limit theorem
Our discussion of the various methods to obtain useful ranges of results from our equation are
incomplete without a brief mention of the central limit theorem (CLT).

The CLT states that if you have a population with mean p and standard deviation o and take
sufficiently large random samples from the population (with replacement), then the distribution of the
sample means will be approximately normally distributed. Provided the standard deviation is finite,
the theorem applies whatever the shape of the underlying population.

[See - https://sphweb.bumc.bu.edu/otlt/mph-modules/bs/bs704 probability/BS704
_Probability12.html]

The condition that the random samples must be taken 'with replacement' simply means that if a
value from the population is selected, it is not then removed from the population so remains to be
chosen again. Sufficiently large samples are usually taken to be greater than 30 although for some
heavily skewed distributions more samples may be necessary.

Note that the CLT does not state that the underlying population is normally distributed or that we can
assume that it is. The CLT tells us is that the results from random sampling of the population will be
normally distributed and provides a very useful way to estimate the mean and sample deviation of
the population.

It is not proven here, but the sample means pxtends towards the mean of the underlying population
and the standard deviation of the sample means oy tends towards the population standard deviation
divided by the square root of number of samples. In other words

o= 11, 0y ==
&

In the Monte Carlo results derived earlier (i.e. vector r1) we have a population which is log-normally
distributed. To demonstrate the CLT we can take a large number of separate samples from that
population, calculate the mean for each set of samples and ultimately graph the results. The CLT
advises that the distribution of these means will be normally distributed.

SolvePro contains a function randomsample (or rsample) which allows us to obtain random samples
from a vector. To make it easy to change the values, we first define the number of random samples
we require for each test (remembering that this value should be at least 30) and also the number of

tests we want to perform. A large number of tests should result in a better looking curve.

nSamples = 100
nTests = 1e+04

We can use rsample to generate a vector containing nTest mean values from nSamples
sampleVec = rsample(r1, nSamples, nTests) = {10000}
From the vector of results we can calculate the sample mean and standard deviation

meanCLT = 94.82
sdCLT =1.735

And using the equations above we can estimate the mean and standard deviation of the underlying
population.



sdFromsdCLT = 17.35
The mean value already been calculated and it can be seen that the standard deviation of the

population is close to the value calculated directly from the MC result vector r1. The vector
sampleVec can be transformed into a histogram for ease of viewing

histSample = {2, 50}

And we can calculate the normal distribution curve to overlay the sample data from the sampleVec
mean and standard deviation

sampleNormDist = {1, 50}
tableSample = {3, 50}

The histogram and normal distribution curves and now be shown graphically which indicates clearly
that the sample means do indeed follow a normal distribution as suggested by the CLT.
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As a final comment, note that the CLT does not provide any more information than we already knew.
It simply provides a way of estimating the mean and standard deviation of the underlying population.



